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Suppose a function  2 W
2
1





























be a height of the corresponding
slit in the quasimomentum domain and let g
n





T > 0. Introduce the sequences  = fj
n
jg; h = fh
n














;m 2 Z. The following results are obtained: i) the
quasimomentum k for the weighted operator T is constructed and the needed properties of k
have been studied, ii) double-side estimates of kk
( 1)









iii) the asymptotics of gap length j
n





(x) < 0; x 2 (0; 1). Then each gap of T is nondegenerate. The proofs are based on the
analysis of the quasimomentum as the conformal mapping, the embedding theorems and the
identities between the quasimomentum and the potential. In order to prove these results
the asymptotics of the fundamental solutions and the Lyapunov function are found at high
energy .
1 Introduction and main results
Consider problems arising when one-dimensional waves propagate in periodic homogeneous









(y) is density, u(y) is the shear displacement and  (y) is the shear modulus. We have the
periodic weighted operator T
;













(R; (x)dx);with the scalar product (; )

, where a 1-periodic real functions ; ; 1=; 1= 2
L
1









1= (x)dx = 1. It
is well known [L], [Kr] that the spectrum of T
;



























); with the length j
n
j > 0: If a gap 
n
is degenerate, i.e. j
n
j = 0,





Using some unitary transformations the operator T
;
can be rewritten in various forms.
For example, the operator T
;
can be transformed, even with nonsmooth coecients, by
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= (n)(1 + o(1)); as n!1; (1.2)
and these asymptotics give the rough estimates of gap lengths. Such operator arised in the
following situations. First, let c = 1=b, where c is the velocity in the periodic media, then












Second, the operator T
b
is also studied in the photonic crystal problem, where "(x) = b(x)
2
is the dielectric coecient, periodic in x (see [N]). Third, (see [K6]), consider a hydrogen
atom in an external, homogeneous, time-periodic magnetic eld B(t) = z2b(t)(0; 0; 1) 2 R
3
with a vector potential A(t; r) = [B(t); r]=2 where r 2 R
3
is the radius vector of the electron
and z is the parameter. In this case the energy operator has the form



































y;  = z
2
; z 2 C ; (1.3)
with the conditions
e








(0; z; b) =
e
#(0; z; b) = 1: The Lyapunov









(1; ; b) +
e
#(1; ; b)). Krein proved the following results
about the Lyapunov function
e
(z; b) for b 2 L
2
(0; 1), (see [Kr]):
i) the zeroes of the entire function
e
(; b) are real and simple,
ii) the zeroes of
e

































< : : : is the spectrum of Eq. (1.3) with the periodic












; b) = ( 1)
n




= 0 is simple,
e
(0; b) = 1; and the corresponding eigenfunction equals 1. The
eigenfunctions corresponding to 

n
have period 1 when n is even and they are antiperiodic,















; b) = 0. With the Lyapunov function
e
(; b) we associate




= (n + ih
n
; n   ih
n
) is




> 0; n > 1, and h
0











; b) and let h = fh
n
g. Below we need the spectral




















> 0; n > 1; is a horizontal slit
with the length jg
n
j > 0 and jg
0






> 0. Assume that there exists a
conformal mapping z : K ! Z and let (k) = z(k)
2
and k(z) is the inverse function. With
an endpoint of the gap 
n










(0). In this case we have M

m
> 0 and M
0
> 0 (see [KK2]).
Using another unitary mapping the operator T
;








dy; (x) = ((y(x)) (y(x)))
1=4
> 0: (1.4)

























For integerm > 0, W
2
m
(0; 1) denotes the Sobolev space of all complex valued functions on
[0; 1] which have m derivatives in L
2




(R=Z), then the operator T



























y; z 2 C ; (1.6)
with the conditions '(0; z; q) = #
0
(0; z; q) = 0; '
0









(1; z; q) + #(1; z; q)):
The goal of the present paper is to estimate the norm kqk in term of various parameters
and is motivated by the papers [CMK], [K2], [K5-6]. These estimates will be used to solve
the inverse problem for T

[K5]. Below, we nd the asymptotics of gap lengths in terms of










We introduce the real Hilbert spaces `
p




























q(x)dx = 0. Dene the ball B(p; t) = fq : kq pk
C
< tg  H;
for some t > 0; p 2 H, and introduce the constant "
q







formulate the rst main result.
3
Theorem 1.1. i) Let b 2 L
2
(0; 1). Then there exists a unique conformal mapping (the




; b) and k(0) = 0; k(iy) = iy(1 +
o(1)) as y !1 for some  > 0.
ii) Let, in addition, q 2 H. Then k() is such that the following relations are fullled














































































for any xed d > 1, as n!1; uniformly on B(p; "
p
) for each xed p 2 H.
Remark. i) In analogy to the notation O(1=n) we use the notation `
d
(n); d > 1. For













O(1); n!1; uniformly on B(p; "
p
) for each xed p 2 H.















. It is well






< , i.e. each spectral
band shrinks (see e.g. [K2]). Dene the band shrinkage B
n






) > 0 and the
sequence B = fB
n

















(2n  1): It is well known that





j, i.e. each spectral band shrinks







j > 0 and the sequence  = f
n
g.




























: We formulate the second main results concerning estimates.










































6 kBk 6 16minfkqk; khk; kgk(1 + kgk)g: (1.18)
Remark. i) Proving we use well known results from the spectral theory for the Hill operator
and reformulate the problem for the dierential operator as the problem for the conformal
mapping theory. ii) The important point in the proof is the identities (1.8).
Let 
n








with the boundary condition y(0) = y(1) = 0: Let 
n
(c); n > 0; be the Neumann spectrum of

















]; n > 1, where 
n
(c) is the gap of T
c
. Consider the Dirichlet and Neumann
eigenvalues and gap lengths. We have the following result.
Theorem 1.3. Let a 1-periodic piecewise continuous function c 2 C
2
(0; 1) be convex,
c
00




(c); n > 1, and j
n












Remark. i) Proving we use well known results from the Sturm theory for Eq. (1.19).
Lyapunov was the rst who consider the spectral properties of the weighted periodic
operator [L]. He proved that the spectrum of T
b
has the band structure and studied the
needed properties of the Lyapunov function
e
. Later Krein [Kr] reproved these results for
the more general case including 2  2 systems. Firsova [F] and Marchenko and Ostrovski
[MO] introduced simultaneously the global quasimomentum into the spectral theory of the
Hill operator. Double-sided estimates for various parameters of the Hill operator (the norm
of a periodic potential, eective masses, gap lengths, height of slits jh
n
j and so on ) were
obtained in [KK1-2], [K2-4], [K7] and for the Dirac operator in [KK2], [K2], [K4]. The
precise double-sided estimates for gap lengths was found in [K8]. Results of this paper is
used to solve the inverse problem for the operator T

, roughly speaking the inverse problem
for the mapping q ! h = fh
n
g (see [K5]). There exists a big dierence between the spectral
properties of the Hill operator and the weighted periodic operator. The gap length of T

goes to 1 at high energy and the gap length of the Hill operator tends to 0 at high energy.
Roughly speaking, it is clear since the gap length is the Fourier coecient of potentials as
n ! 1. The potential belongs to L
2
(0; 1) for the Hill operator and "potentials" for the





where q 2 L
2
(0; 1) and then the corresponding Fourier coecient is increasing, in general.







+ V (t) acting in the
Hilbert space L
2
(R) and a 1-periodic real function V 2 L
2
(0; 1). It is well known [Ti]
that the spectrum of T
H


















; n > 1, and let 
+
0









); with the length j
n
j > 0: If a gap 
n
is degenerate, i.e. j
n










of the following equation
 y
00
+ V (x)y = z
2
y; z 2 C ; (1.20)
satisfying y
2
(0; z) = y
0
1
(0; z) = 0; y
0
2
(0; z) = y
1
(0; z) = 1. We dene the Lyapunov function





(1; z))=2 and the quasimomentum (see [F, MO]) for the Hill operator




















> 0; n > 1:













> 0; n 2Z;
and h
0
= 0: Note that k() maps the slit g
n
onto the vertical cut  
n
. Let z(k) be the
inverse function for k(z). The quasimomentum has the asymptotics












V (t)dt > 0: (1.21)












r = ( )
1=4































+V (t) acts in the Hilbert space L
2
(R; dt) and a 1-periodic
real function V (t) has the following form










We consider two cases. First, let  =  = 
2

















(x); x = t:




































































Using last identities we write the Fourier coecients and Q
0




































































In this section we nd the asymptotics estimates which need to construct the asymptotics
estimates of the fundamental solutions and the Lyapunov function at large z. For the
Wronskian w(x; q) = #(x; z; q)'
0
(x; z; q)  #
0







; x 2 R; (2.1)
and since w(0; q) = 1 then we get
w(0) = w(1) = 1:
Dene the function 
 
(z; q) = (1=2)('
0





















(z; q)  1) =  #
0
(1; z; q)'(1; z; q): (2.2)
Let H
C
be the complexication of the real Hilbert space H with the norm k  k
C
Dene the
ball B(p; t) = fq : kq   pk
C
< tg  H
C
; for some t > 0; p 2 H
C
, Let C(0; 1) be the space
of continuous functions equipped with norm kfk
c
= sup jf(x)j; x 2 [0; 1]. For each function
q 2 H
C






















q(t)f(t)dt; f 2 C(0; 1):
































jf(t)j; n 2 2N; (2.4)
7
where x 2 [0; 1]; z 2 C ; q 2 H
C
; f 2 C(0; 1). Using (2.3) we deduce that for each z 2 C
and q 2 H
C
there exists the inverse operator
r















+ : : : ;
and this series converge uniformly on bounded subsets of C  H
C





(x; z) = exp(izx). We now consider the solutions f













(z; q); f 2 C([0; 1]): (2.5)
We need
Lemma 2.1. i) Let f; f
0
2 C([0; 1]). Then for each q 2 H
C























































; x 2 [0; 1]; z 2 C : (2.10)










for some f; f
0
; g 2 C(0; 1). Then for each
z 2 C ; q 2 H
C













































  qv which implies (2.6), since v(0) = f(0).
Using (2.6) with f  1 we obtain (2.7).




















Using (2.3) it is easy to get (2.10). Note that, in [PT] there is an analysis of the equation
very closed to (2.5). In fact, we repeat the corresponding proof in [PT].
8


















Dene the following mapping 































Using (2.4) we deduce that for each z 2 C and q 2 H
C
there exists the inverse operator
R






= I + 












+ : : : ; (2.12)
and this series converge uniformly on bounded subsets of C H
C
.
The main goal of this Section is to nd the asymptotics of f

as jzj ! 1 .
Lemma 2.2. For each z 2 C ; q 2 H
C


























































and series (2.14) converge uniformly on bounded subsets of C H
C
.


































and multiplication gives (2.14). Moreover, by (2.4) these series converge uniformly on
bounded subsets of C H
C
.
Using (2.14) and (2.3-4) we obtain (2.15).































































) = (I + a
+
































































= (I   w)(I   w)
 1
= I:2

















































Now we will prove the basic results about the functions f

.
Lemma 2.3.i) For each q 2 H
C
and z 2 C there exists a unique solution f

of Eq. (2.5)




































and series converge uniformly on bounded subsets of [0; 1] C H
C
.
ii) For each x 2 [0; 1] the functions f











(0; 1) and the following estimates are fullled
jf





If the sequence q

converges weakly to q in H
C







uniformly on bounded subsets of [0; 1] C .






























































































































































uniformly on bounded subsets of [0; 1] fjz   nj 6 g H
C
.
Proof. i-ii) In [PT] there is an analysis of the equation very closed to (2.5). Really repeating
the corresponding proof in [PT], we have the statements of i-ii).



























































Then last estimates together with Lemmas 7.1-2 gives (2.25). 2
3 Fundamental solutions
In this section some useful results concerning the fundamental solutions and the Lyapunov
function for Eq. (1.3) will be presented. First, we describe the needed properties of the
fundamental solutions for Eq.(1.6) which satisfy the following equations











(t; z; q)dt; (3.1)








(t; z; q)dt (3.2)
where x 2 [0; 1]; z 2 C ; q 2 H
C
, and then the equations for '
0











(t; z; q)dt; (3.3)
#
0






(t; z; q)dt: (3.4)
There are the identities (see [CM])
'
0
(x; z; q) = (x)
2







(x; z; q); (3.5)










































Using (3.3-4) we have the following equations
f









(t; z; q)dt (3.7)
11
and we rewrite them in the short form (2.5). This equation was studied in Section 2, and by
Lemma 2.3, Eq. (3.7) has the solutions in the form (2.23). Now we formulate some results
about properties of the fundamental solutions.
Lemma 3.1.For each x 2 [0; 1] the functions '(x; z; q); #(x; z; q) are entire on C  H
C
.





(0; 1) and the following
estimates are fullled
maxfjz'(x; z; q)j; j'
0








If the sequence q
n
converges weakly to q in H
C
, then  (x; z; q
n
) !  (x; z; q) uniformly on





any xed d > 1



















cos z(2t  x)q(t)dt+ `
d
(n)); (3.10)
as n!1, uniformly on bounded subsets of [0; 1] fjz   nj 6 g H
C
.








# of Eq. (1.3). Rewrite







ry; p = kbk
C
























(t; ; b)dt; (3.12)
e










(t; ; b)dt: (3.13)
Dene the function













Now we prove some properties of the fundamental solutions.













are entire on C  L
2
C
(0; 1). They are real valued on R L
2
R




#(; z; b); are analytic as maps from C L
2
C
(0; 1) into W
2
2;C
(0; 1). If the sequence b
n
converges weakly to b in L
2
(0; 1), then  (x; z; b
n
)!  (x; z; q) uniformly on bounded subsets













ii) For each x 2 [0; 1]; x 2 C ; b 2 L
2
C
(0; 1) the following estimates are fullled:
jzp
e




(x; z; b)j; j
e
#(x; z; b)j; j
e










(x; z; b)j; j
e
#(x; z; b)j; j
e
#(x; z; b)=zj 6 e
j Im zjpx+2jzjp
; (3.15)
















are some constants. Using this equation and repeating the arguments for the
Hill operator from [PT] we have the statements of i).
i) We show estimates (3.14-15). The proof is given for
e











; x 2 [0; 1]: (3.16)
Repeating the arguments from [PT] for Eq. (3.13) we obtain the series
e










































































We need the following results about the Lyapunov function.
Lemma 3.3.i) The function
e
(; ) is entire on C  L
2
C
(0:1). If the sequence b

;  > 1;









(; b) uniformly on bounded subsets of
C .
ii) For each x 2 [0; 1]; z 2 C ; b 2 L
2
C
(0; 1) the following estimates are fullled:
j
e
(; b)j 6 e
j Im zjpx+2jzjp
: (3.17)
iii) For each b 2 L
2
R
(0; 1) the zeroes of the equation (z; b)
2
 1 = 0 are real and they satises
the asymptotics estimates (1.2).
iv) For each b 2 L
2
R
(0; 1) the zeroes of the entire function
e























; b) < 0.
Proof. Using Lemma 3.2 we obtain the statements of i) and ii).






















(b) for the problem
(1.3).
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Lemma 3.4 i) Let b 2 L
2
R








































(b); b) > 0; (3.19)

0










]; n > 1: (3.20)




#(1; z; b) are simple.








(b). Let u =
e
#(x; ; b). Dierentiating









Multiplying last equation by u, Eq. (1.3) by u








































































































'(1; ; b): (3.21)



















]; n > 1, or equal 0.




(b) = 0 only and
e
#(x; 0; b) = 1.
Consider the gaps 
n
; n > 1. First, let 
n





















(b) is the simple Dirichlet eigenvalue.




) 6= ;. Let some Dirichlet eigenvalue 
belong to this gap . Assume that
e















(1; ; b) > 0 and
e
#(1; ; b) > 0. Hence (3.19) yields
e
'(1; ; b) > 0 and then
there exists only one Dirichlet eigenvalue  which belongs to this gap  and no others.




] there exists exactly one Dirichlet
eigenvalue . We use the proof by contradiction. Assume that the function
e
'(1; ; b) has










 t] for some t > 0.




 t; b) < 1   a;
e





'(1; )j > 2a;  2 
+
for some a > 0.
Let b
m
! b > 0 strongly in L
2








0; x 2 [0; 1] for any m > 1. Then by Lemma 3.2 and 3.3,  (1; ; b
n
) !  (1; ; b) uniformly
14














. Hence, there exists




)j > a;  2 
+





. Using the unitary transformation (1.23) we obtain the Hill operator with









has a zero in the gap (b
m




) has the same zero in this gap
(b
m
). This implies contradiction, and function
e
'(1; ; b) has one zero in the gap . 2
4 Quasimomentum and asymptotics





(z; q) by the formulas
(z; q) = cos z +
1
(z; q) + 
2














q(s) cos z(1  2t+ 2s)ds: (4.2)
We need the following results about the Lyapunov function for Eq. (1.6).
Lemma 4.1.i) If the sequence q

;  > 1; converges weakly to q in H; then (z; q

)! (z; q)
uniformly on bounded subsets of C . The function (; ) is entire on C H
C
:
ii) For xed z 2 C the function (z; q) is even with respect to q 2 H
C
and





(1; z; q; ) + '
0


































(z)=(2); q 2 H
C
: (4.5)
iv) Moreover, for any xed d > 1 the following asymptotic estimates are fullled:

1








; as jzj ! 1; jz   nj 6 =2: (4.6)
These estimates are innitely dierentiable with respect to z and are satised uniformly on
bounded subsets of [0; 1]H
C
.
Proof. Statements of i) and ii) were proved in [K5].






(1; z; q) + f
 
(1; z; q) + f
+
(1; z; q) + f
 
(1; z; q)): (4.7)
The substitution of (2.23) into (4.7) yields






























































































and this gives (4.5). We show (4.4). By (4.2),

1











































and the simple integration yields (4.4).









































































implies (4.6) uniformly on bounded subsets of [0; 1]H
C
:2
We need some results about the convergence of the quasimomentums.
Lemma 4.2.Let z(; h) : K(h) ! Z(g) be a conformal mapping for some h 2 `
2
. Assume






) converges to z(; h) uni-




! h strongly in `
2







(h), as  !1.
Proof. For any " > 0 there exists an integer N > 1 such that kh   h









. Let  be one from the vectors h; h






























Using the estimate 0 6 z(n+ iv + 0; )  z(n+ iv   0; ) 6 
n







































We now prove the main rst result about the weighted periodic operator.










= n+ o(1); n!1: (4.15)





































































































































We show (1.12). Asymptotics estimates (4.6) implies h
n
! 0. We improve last result.






























































We show that there exists the quasimomentum with needed properties. We use the
following result from [MO]. Let a function F (z); z 2 C , satises
Condition A a) F is even entire and F (0) = 1,
b) each zero of the equation F
2
(z) = 1 is real,
c) the number of zeroes of F
2
(z) = 1 is equal to innity.












and the slit G
n
= [n; n+ ih
n
]; n 2Z, for some h = fh
n
g.
Note that the function k() has analytic extension on C
 
by the formula k(z) =

k(z); z 2 C
 
.




; b) satises a) and b) of Condition A. Using






; b) = 1 is equal to innity. Then by results





; b) = cos k(z); z 2 C ; and k(0) = 0; k(iy) = iy(1 + o(1)) as y ! 1 for some
 > 0.
Assume that q 2 H. Asymptotic estimate (1.12) yields h 2 `
2
. In the paper [KK1] the
following results were proved: assume that the quasimomentum k : Z ! K such that h 2 `
2















dvdu <1; k = u+ iv:














(R=Z) such that q

! q strongly in H













) = (z; q

). Moreover, there exists the quasimomentum k




















(h) as  ! 1. Indeed,
we have q

! q strongly in H as  !1, and the author [K5] proved h

! h strongly in `
2




















(h), as  ! 1. We have to show






). Indeed, by Lemma
4.1, (z; q

)! (z; q) uniformly on bounded subsets of C . Hence by the Inverse Function






) to z(; h)
uniformly on compact domains in \K(h

), as  !1.

















































We have proved that the mapping k : Z ! K is conformal and we now study some properties








. In [KK3] (see














We prove the second main result about the estimates.
Proof of Theorem 1.2. In [K2] the author studied the metric properties of the conformal
mapping k : Z ! K with the norming asymptotics (1.7). Our mapping is such conformal




































































Then inequalities (5.3-6) together with identity (1.8) yield (1.15-17).





















































which together with (5.2) implies the rst estimate in (1.14). In order to show the second










































We prove the rst estimate in (1.18). Due to the denitions of 
n
and the fact 
n
> 0









































). Hence using the estimate j
n





(2n  1) + !
n
: (5.11)






























































and the rst estimate in (1.18) has been proved. Using (5.6) we have others estimates in
(1.18). 2
We now prove the result about open gaps and the Neumann and Dirichlet eigenvalues
(see [GS] for the Hill operator).




be the Neumann eigenfunction for some n > 0.
Then the function u = #
0
n





































has n zeroes on the interval (0; 1). Then the function #
0
n
has m > n   1






= ; (0) = 0; 
0
(1) = 1:
Then by the Sturm theorem  has N > n zeroes on the interval (0; 1) and N + 1 zeroes on
the segment [0; 1]. If  decreases then the zeroes of  move to the right and when (n+ 1) 





















































































































(x)y; x 2 R; (6.1)
where b is 1-periodic function and let b = 1; x 2 A = [0; 1=2] and b = a; x 2 B = [1=2; 1].




; x 2 A; (6.2)
21








; x 2 B; (6.3)















(1=2; z) = cos z=2 = C
1
cos r   C
2
sin r: (6.5)
These equations have the following solutions
C
1
= a sin r sin(z=2) + cos r cos(z=2); C
2
= a cos r sin(z=2)   sin r cos(z=2) (6.6)
Using the same way we nd the function #:









; x 2 B; (6.8)







= z(a sin r cos(z=2)   cos r sin(z=2)); M
2
= z[a cos r cos(z=2) + sin r sin(z=2)] (6.9)






























) cos r sin(z=2) + 2 sin r cos(z=2):
We study the function . If parameter a is integer then the function (z) is periodic with













and  is 4 periodic. Note that if we take the step-function b with rational parameters
then we obtain the Lyapunov function  periodic in z. In this case the asymptotics of the
Lyapunov function is absent and we have the exact periodic picture.
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7 Appendix
















































where x 2 [0; 2]; jz   nj 6 1=2; z 2 C ; n 2Z, and q 2 L
2



























































































= jx+ij; n 2Z;




. Below we need the simple estimate
jm  j > (1=2)jmj
1
; if  2 C ; jj = 1=2; m 2Z: (7.2)
We prove the needed estimates








































































; d > 1=2: (7.6)









































































































































and summing we get (7.5). Using (7.5) we obtain the second inequality (7.3). Estimates































































































jm+ p+ r + sj
1




































































































; d > 1=2; (7.10)














































































i(m+ p + r + s)
:




















































































































(m z)(m+ p)(m+ p + r  z)
which gives (7.11). Using (7.11) we have (7.8). We now nd J

4




































































































































i(m+ p+ r + s)
;
































































































































































; d > 1=2.2
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